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Abstract: In conventional gravitational wave scattering theory, a large-distance asymp-
totic approximation is employed. In this approximation, the gravitational wave is approxi-
mated by its large-distance asymptotics. In this paper, we establish a rigorous gravitational
wave scattering theory without the large-distance asymptotic approximation.
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1 Introduction
The gravitational wave now has been detected, the first three observations GW150914 [1–3],
GW151226 [4], GW170104 [5] by LIGO, the observation by the advanced Virgo detector
and the two advanced LIGO detectors [6], and the gravitational wave produced by a binary
neutron star merging [7, 8]. The gravitational wave and the gravitational wave scattering
have been studied for many years, e.g., historically, gravitational radiations at infinity
in a asymptotically flat space [9], classical cross sections [10], inelastic cross sections of
nonrotating and rotating black holes [11], scattering off a Kerr black hole [12], the weak-field
gravitational scattering [13], gravitational wave scattering on a Schwarzschild black hole in
the low-frequency limit [14], scattering of small wave amplitudes and weak gravitational
fields [15], and differential cross sections of plane gravitational waves scattering from the
gravitational field of sources in the weak-field approximation [16]. In observation, there is
also an indirect evidence for the existence of gravitational wave was observed [17]. Recently,
there are many theoretical studies on the gravitational wave scattering: the scattering and
absorption of planar gravitational waves by a Kerr black hole [18], the scattering of a
low-frequency gravitational wave by a massive compact body [18], the scattering of weak
gravitational waves from a slowly rotating gravitational source [19], the interaction of a
weak gravitational wave with matter [20], the low-energy scattering of gravitons [21], and
the scattering of gravitational waves by the weak gravitational fields of lens objects [22].
One important approach to study gravitational waves is to study the weak-field radia-
tive solution of the Einstein equation. Under the weak-field approximation, the metric gµν
is close to the Minkowski metric ηµν :
gµν = ηµν + hµν (1.1)
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with the determinant |hµν | ≪ 1 [23]. Then the Einstein equation becomes a linear equation

2hµν = −16piGSµν with a source Sµν . When the gravitational radiation comes in from
infinity, the gravitational wave approaches a plane wave satisfying

2hµν = 0. (1.2)
A plane gravitational wave impinging on a target consists of an incident plane wave and a
scattered wave,
hµν = h
inc
µν + h
sc
µν , (1.3)
where hincµν = eµνe
ik·xe−ikt is the incident wave with eµν the polarization tensor and k
µ the
wave vector and hscµν is the scattered wave.
In conventional gravitational wave scattering theory, a large-distance asymptotic ap-
proximation is employed. In this approximation, the incident plane wave eik·x is replaced by
its large-distance asymptotics, eikr cos θ
r→∞
∼
∑∞
l=0 (2l + 1)Pl (cos θ)
1
2ikr
[
eikr − (−1)l e−ikr
]
,
and the scattered wave is replaced by a spherical wave, hscµν
r→∞
∼ fµν (xˆ)
eikr
r
e−ikt, where
fµν (xˆ) is the scattering amplitude [23]. Consequently, in conventional scattering theory,
the gravitational wave hµν is asymptotically written as
h∞µν (x, t)
r→∞
∼
(
e∞inµν e
−ikr + e∞outµν e
ikr
)
e−ikt, (1.4)
with
e∞inµν = −
1
2ikr
∞∑
l=0
eµν (2l + 1) (−1)
l Pl (cos θ) , (1.5)
e∞outµν =
1
2ikr
∞∑
l=0
eµν (2l + 1)Pl (cos θ) + fµν (xˆ)
1
r
, (1.6)
where the superscript ∞ denotes the large-distance asymptotics. All of the observable
quantities are described by the scattering amplitude fµν (xˆ) which is independent of the
distance r.
The large-distance asymptotic approximation, however, losses the information of the
distance. In this paper, we establish a rigorous gravitational wave scattering theory without
the large-distance asymptotic approximation.
In section 2, we establish a gravitational wave scattering theory without large-distance
asymptotics. In section 3, we show how this scattering theory recovers conventional scat-
tering theory when taking the large-distance asymptotic approximation. The conclusion is
given in section 4.
2 Scattering theory without large-distance asymptotics
In this section, we provide an expression of hµν without the large-distance asymptotic
approximation.
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2.1 Gravitational wave
Incident plane wave. The incident plane wave eik·x can be exactly expanded as eik·x =
eikr cos θ =
∑∞
l=0 (2l + 1) i
ljl (kr)Pl (cos θ). In the large-distance asymptotic approxima-
tion, the Bessel function jl (kr) is approximately replaced by its large-distance asymp-
totics jl (z)
z→∞
∼ i
−l
2iz
[
eiz − (−1)l e−iz
]
. In the following, we show that, by use of the rela-
tions jl (kr) =
1
2
(
h
(1)
l (kr) + h
(2)
l (kr)
)
and h
(1,2)
l (kr) = i
∓l e±ikr
±ikr
yl
(
∓ 1
ikr
)
, where h
(1)
l (kr)
and h
(2)
l (kr) are the spherical Hankle functions of first and second kinds and yl (z) =∑l
k=0
(l+k)!
k!(l−k)!
(
z
2
)k
is the Bessel polynomial [24], the expansion of the plane wave can be
exactly rewritten as
eik·x =
e−ikr
−2ikr
∞∑
l=0
(2l + 1) (−1)l yl
(
1
ikr
)
Pl (cos θ)+
eikr
2ikr
∞∑
l=0
(2l + 1) yl
(
−
1
ikr
)
Pl (cos θ) .
(2.1)
The first term here describes the ingoing wave propagating inward along the radial direction
and the second term describes the outgoing wave propagating outward along the radial
direction.
The information of the distance is preserved since there is no the large-distance asymp-
totic approximation.
Scattered wave. In the large-distance asymptotic approximation, the scattered wave
is approximated as a spherical wave. Nevertheless, the exact scattered wave at a finite
distance is not spherical. The scattered wave hscµν without large-distance asymptotics can
be written as [25]
hscµν =
∞∑
l=0
alµν (θ)h
(1)
l (kr) e
−ikt, (2.2)
where alµν (θ) is the partial wave scattering amplitude.
Gravitational wave. The incident plane wave and the scattered wave are now expressed
without the large-distance asymptotic approximation. Then the gravitational wave (1.3)
can be expressed as
hµν =
(
einµνe
−ikr + eoutµν e
ikr
)
e−ikt, (2.3)
where
einµν = −
1
2ikr
∞∑
l=0
eµν (2l + 1) (−1)
l yl
(
1
ikr
)
Pl (cos θ) , (2.4)
eoutµν =
1
2ikr
∞∑
l=0
[
eµν (2l + 1)Pl (cos θ) + 2 (−i)
l alµν (θ)
]
yl
(
−
1
ikr
)
. (2.5)
Comparing Eqs. (1.4) and (2.3), we can see that the influence of the distance r is
embodied in the Bessel polynomial in Eq. (2.1). The gravitational wave hµν here depends
on the distance r and when r → ∞ it recovers the result given by conventional scattering
theory.
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2.2 Power of gravitational wave
The power of the gravitational wave emitting out of a sphere of radius r is Pout =
∫ 〈
tout0i
〉
r2xˆidΩ,
where 〈tµν〉 =
kµkν
16piG
(
eλρ∗eλρ −
1
2
∣∣eλλ∣∣2) is the average energy-momentum [23]. Then the
power
Pout =
k2r2
16piG
∫
dΩ
[(
eout
)∗µν (
eout
)
µν
−
1
2
∣∣∣(eout)µ
µ
∣∣∣2] . (2.6)
By Eq. (2.5) we can calculate the terms in Eq. (2.6), respectively:
(
eout
)∗µν (
eout
)
µν
= eµν∗eµν
∣∣∣h(1)l (kr)∣∣∣2
+
1
k2r2
∞∑
l=0
∞∑
l′=0
(2l + 1)Pl (cos θ) Im
[
(−i)l
′−1 eµν∗al′µν (θ) yl
(
1
ikr
)
yl′
(
−
1
ikr
)]
+
1
k2r2
∞∑
l=0
∞∑
l′=0
il−l
′
a
µν∗
l (θ) al′µν (θ) yl
(
1
ikr
)
yl′
(
−
1
ikr
)
, (2.7)
∣∣∣(eout)µ
µ
∣∣∣2 = ∣∣∣eµµh(1)l (kr)∣∣∣2 + 1k2r2
∣∣∣∣∣
∞∑
l=0
(−i)l aµl µ (θ) yl
(
−
1
ikr
)∣∣∣∣∣
2
+
1
k2r2
∞∑
l=0
∞∑
l′=0
(2l + 1)Pl (cos θ) Im
[
(−i)l
′−1 eµ∗µ a
µ
l′µ (θ) yl
(
1
ikr
)
yl′
(
−
1
ikr
)]
.
(2.8)
The power Pout includes three parts:
Pout = Psc + Pint + Pinc, (2.9)
where
Psc =
1
16piG
∞∑
l=0
∞∑
l′=0
il−l
′
∫
dΩaµν∗l (θ)al′µν (θ) yl
(
1
ikr
)
yl′
(
−
1
ikr
)
−
1
32piG
∫
dΩ
∣∣∣∣∣
∞∑
l=0
(−i)l aµl µ (θ) yl
(
−
1
ikr
)∣∣∣∣∣
2
(2.10)
describes the contribution of the scattering wave,
Pinc =
k2r2
16piG
∫
dΩ
(
eµν∗eµν
∣∣∣h(1)l (kr)∣∣∣2 + ∣∣∣eµµh(1)l (kr)∣∣∣2
)
(2.11)
describes the contribution of the incident plane wave, and
Pint =
1
16piG
∞∑
l=0
∞∑
l′=0
(2l + 1)
×
∫
dΩPl (cos θ) Im
[
(−i)l
′−1
(
eµν∗al′µν (θ)−
1
2
eµ∗µ a
µ
l′µ (θ)
)
yl
(
1
ikr
)
yl′
(
−
1
ikr
)]
(2.12)
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describes the contribution of the interference between the incident plane wave and the
scattered wave.
Noting that a quantity containing eµν is the contribution from the incident wave, a
quantity containing alµν (θ) is the contribution from the scattered wave, and a quantity
containing the cross term of eµν and alµν (θ) is the contribution from the interference.
2.3 Scattering amplitude
In the above, the gravitational wave (1.3) is represented by the partial wave scattering
amplitude alµν (θ) in Eq. (2.3). In order to compare the exact result, Eq. (2.3), with the
asymptotic approximation given by conventional scattering theory, Eq. (1.4), we rewrite
the exact result, Eq. (1.3), as
hµν = eµνe
ik·xe−ikt + fµν (r, θ)
eikr
r
e−ikt, (2.13)
where fµν (r, θ) plays the role of the scattering amplitude in conventional scattering theory.
By Eq. (2.2) and the relation h
(1,2)
l (kr) = i
∓l e±ikr
±ikr
yl
(
∓ 1
ikr
)
, we obtain
fµν (r, θ) =
1
ik
∞∑
l=0
(−i)l alµν (θ) yl
(
−
1
ikr
)
. (2.14)
Strictly speaking, fµν (r, θ) here is not the scattering amplitude like its analogue fµν (xˆ)
in conventional scattering theory. In the rigorous scattering theory, there is only the partial
wave scattering amplitude alµν (θ) [25].
3 Large-distance asymptotics
The rigorous result recovers the result given by conventional gravitational wave scattering
theory when r → ∞. In the rigorous gravitational wave scattering theory, the scattering
is described by a series of partial wave scattering amplitudes given by Eq. (2.2). We now
show that when taking large-distance asymptotics, the scattered wave reduces to a spherical
wave and fµν (r, θ) given by Eq. (2.14) reduces to the conventional scattering amplitude
fµν (xˆ).
3.1 Scattering amplitude
For r →∞, the ingoing wave (2.4) asymptotically reduces to
einµν
r→∞
∼ −
eµν
2ikr
∞∑
l=0
(2l + 1) (−1)l Pl (cos θ)
= −
eµν
ikr
δ (1 + cos θ) (3.1)
and the outgoing wave (2.5) asymptotically reduces to
eoutµν
r→∞
∼
1
2ikr
∞∑
l=0
[
(2l + 1)Pl (cos θ) eµν + 2 (−i)
l alµν (θ)
]
=
eµν
ikr
δ (1− cos θ) +
1
ikr
∞∑
l=0
(−i)l alµν (θ) , (3.2)
– 5 –
where the relation
∑∞
l=0 (2l + 1)Pl (x) = 2δ (1− x) [26] is used.
Consequently, the gravitational wave (2.3) when r →∞ reduces to
hµν =
{
−
eµν
ikr
δ (1 + cos θ) e−ikr +
[
eµν
ikr
δ (1− cos θ) +
1
ikr
∞∑
l=0
(−i)l alµν (θ)
]
eikr
}
e−ikt.
(3.3)
Comparing with the asymptotic gravitational wave in conventional scattering theory, Eq.
(1.4), we obtain the scattering amplitude in conventional scattering theory:
fµν (xˆ) =
1
ik
∞∑
l=0
(−i)l alµν (θ) . (3.4)
It can be seen directly seen from Eq. (2.14) that fµν (xˆ) is just the large-distance asymp-
totics of fµν (r, θ), i.e., fµν (r, θ)
r→∞
∼ fµν (xˆ).
3.2 Power of gravitational wave
Similarly, the large-distance asymptotics of the powers Psc and Pint can be obtained directly.
The large-distance asymptotics of the scattering part of the power given by Eq. (2.10)
reads
Psc
r→∞
∼
1
16piG
∞∑
l=0
∞∑
l′=0
il (−i)l
′
∫
dΩ
(
a
µν∗
l (θ)al′µν (θ)−
1
2
a
µ∗
l µ (θ) a
µ
l′µ (θ)
)
(3.5)
and the large-distance asymptotics of the interference part of the power given by Eq. (2.12)
reads
Pint
r→∞
∼
1
16piG
∞∑
l=0
∞∑
l′=0
(2l + 1)
∫
dΩPl (cos θ) Im
[
(−i)l
′−1
(
eµν∗al′µν (θ)−
1
2
eµ∗µ a
µ
l′µ (θ)
)]
.
(3.6)
Using Eq. (3.4), we can rewrite Eqs. (3.5) and (3.6) as
Psc
r→∞
∼
k2
16piG
∫
dΩ
(
1
−ik
∞∑
l=0
ila
µν∗
l (θ)
1
ik
∞∑
l′=0
(−i)l
′
al′µν (θ)
−
1
2
1
−ik
∞∑
l=0
ila
µ∗
l µ (θ)
1
ik
∞∑
l′=0
(−i)l
′
a
µ
l′µ (θ)
)
=
k2
16piG
∫
dΩ
(
fλρ∗ (xˆ) fλρ (xˆ)−
1
2
∣∣fµµ (xˆ)∣∣2
)
, (3.7)
Pint
r→∞
∼
k2
16piG
∫
dΩ Im
[
−
eµν∗
k
∞∑
l=0
(2l + 1)Pl (cos θ)
1
ik
∞∑
l′=0
(−i)l
′
al′µν (θ)
+
1
2
e
µ∗
µ
k
∞∑
l=0
(2l + 1)Pl (cos θ)
1
ik
∞∑
l′=0
(−i)l
′
a
µ
l′µ (θ)
]
=
k2
8piG
∫
dΩ
(
1− kˆ · xˆ
)
Im
{
−
1
k
[
eµν∗fµν (xˆ)−
1
2
eµ∗µ f
µ
µ (xˆ)
]}
, (3.8)
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where
∑∞
l=0 (2l + 1)Pl (x) = 2δ (1− x) with cos θ = kˆ · xˆ is used.
These are just the powers given by conventional gravitational wave scattering theory
[23]. The leading modification of the powers to conventional scattering theory are
∆Psc =
1
64piGk2r2
∞∑
l=0
∞∑
l′=0
l (l + 1) l′
(
l′ + 1
)
il−l
′
(3.9)
×
∫
dΩ
(
a
µν∗
l (θ)al′µν (θ)−
1
2
a
µ∗
l µ (θ) a
µ
l′µ (θ)
)
, (3.10)
∆Pint =
1
64piGk2r2
∞∑
l=0
∞∑
l′=0
(2l + 1) l (l + 1) l′
(
l′ + 1
)
×
∫
dΩPl (cos θ) Im
[
(−i)l
′−1
(
eµν∗al′µν (θ)−
1
2
eµ∗µ a
µ
l′µ (θ)
)]
. (3.11)
4 Conclusion
In summary, the conventional weak-field gravitational wave scattering theory is a large-
distance asymptotically approximate theory. In this paper, we establish a rigorous gravita-
tional wave scattering theory without the large-distance asymptotic approximation. In the
rigorous scattering theory, the information of the distance is preserved.
There is also an important issue in gravitational wave scattering: the calculation of the
scattering amplitude and the partial wave scattering amplitude. In quantum mechanical
scattering theory, the scattering amplitude is described by the scattering phase shift. We
have developed a method for the calculation of the scattering phase shift based on the heat
kernel theory [27, 28]. This method can also be used to calculate the scattering amplitude
in gravitational wave scattering.
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